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We have observed dynamical diffraction in the
£
024024
⁄
and
£
046046
⁄
reflections of the icosahedral
quasicrystal AlPdMn in the back-reflection geometry (uB ­ 90–). The x-ray fluorescence from the Al
and Pd atoms exhibits strong standing wave behavior, similar to that observed in crystalline materials.
The data indicate a long-range order of each species of atoms, with the coherent positions attributable to
distributions of the Al and Pd, which we compare to a centrosymmetric model. We observe deviations
from the model which imply small departures from inversion symmetry along the twofold symmetry
axis and from the expected coherent fractions for Al. [S0031-9007(99)08910-3]
PACS numbers: 61.44.Br, 61.10.– i
The determination of the atomic structure of quasicrys-
tals remains one of the most important questions about
these remarkable materials. Present theory is concerned
with the relationship between cluster models, which give
insights into growth and bonding, and planar models,
which are testable by diffraction [1–4]. Even the sym-
metry of quasicrystals remains a major question. Mea-
surements using isotopic [5] and isomorphic [6] contrast
variation, as well as Bijvoet pairs [7], have reported
centrosymmetric structures. Convergent beam electron
diffraction [8] and multiple beam dynamical diffraction [9]
support noncentrosymmetric structures.
Until now, the location of specific elemental species
in the structure has been deduced only indirectly, for
example, by the analysis of Patterson functions derived
from x-ray and neutron diffraction peak intensities of
single-domain samples [3] or by powder diffraction peak
intensities [4]. We report here the first observations of
x-ray standing waves (XSW) in an aperiodic medium—
quasicrystals—and their use to test directly the positions
of specific elements in the structure. In this case, the
fluorescence of Al and Pd in the icosahedral quasicrystal
AlPdMn was excited by standing waves formed from
x-ray reflections along a twofold symmetry axis. We
observe long-range elemental order of the Al and Pd in
single-domain samples with a high degree of perfection.
A direct comparison with theoretical elemental positions
is possible for any specific reflection. The observations
from our sample are only consistent with a quasicrystal
structure which deviates slightly from inversion symmetry
along the twofold axis.
A coherent wave field for XSW is normally visible
only in crystals with a lattice regularity sufficient to
demonstrate the diffraction conditions of the dynamical
theory [10,11]. By monitoring the x-ray fluorescence
of specific elements as the reflectivity curve is scanned
in energy or diffraction angle, one can determine the
coherent position of specific atomic species to high
precision relative to the unit cell [12].
With the discovery of diffraction from quasicrystals
[13], we know that there are periodic components of the
charge density in these aperiodic materials. It is valid
to ask what dynamical diffraction and XSW mean in this
context. Dynamical diffraction from an aperiodic medium
is possible as long as there is a periodic component in the
charge density over a distance comparable to the primary
extinction length in the material. It was initially shown by
Berenson and Birman that a Fibonacci lattice based on a
reciprocal lattice vector of the type fh 1 th0g, where t is
the golden mean, would give rise to dynamical effects and
XSW [14].
Darwin-Prins rocking curves and representative XSW
have been modeled for 1D GaAs Fibonacci superlattices
[15]. The theoretical rocking curves and the x-ray fluo-
rescence calculated in response to the XSW appear simi-
lar to those observed from crystalline materials. This
can be understood in terms of the atomic distributions
predicted for quasicrystals. In a quasicrystal, the distri-
bution, as modeled by the “cut and project” method, is
uniform in well-defined regions which are periodically
separated from each other by physical gaps [16]. Since
the standing wave technique samples only the correla-
tion of atomic positions relative to the phase of a single
Fourier component of the wave field, any such correla-
tion (nonzero coherent fraction) gives rise to XSW ef-
fects similar to those observed in crystals. Furthermore,
according to the ordering of atoms within the 6D lattice
used to generate quasicrystal models in 3D, we expect
that the projected positions of specific elements in the
distribution are not random.
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Quasicrystals are now produced with a high degree of
perfection: thermodynamically stable and free from phason
strain [17]. Dynamical diffraction in quasicrystals has
been observed in the icosahedral quasicrystal AlPdMn
as the Bormann effect by Kycia et al. [18]. Lee et al.
have observed three-beam diffraction effects in quasi-
crystals [9].
Our experiments consisted of x-ray diffraction from
highly ordered specimens of Al70Pd21.5Mn8.5 grown by
the Bridgman technique [19]. The specimens were sliced
and polished with surfaces normal to a twofold symmetry
axis of the quasicrystal. After etching the surface, Berg-
Barret topographs were used to determine the regions
of uniform diffraction and minimal strain from which
consistent results were obtained.
The x-ray diffraction measurements were made along
the twofold axis of the quasicrystal at a Bragg angle
uB ­ 90– [20]. The dynamical theory of diffraction
predicts that at this angle the Darwin-Prins rocking curve
has an extreme angular width, which typically exceeds
the mosaic spread caused by strain in most metal crystals
[21,22]. The coherence of the standing waves is thus
maintained even in imperfect samples. The phase shift of
the standing waves was obtained by scanning the incident
photon energy across the rocking curves [23].
The energy scans through the Bragg condition were
performed using a symmetric Si(111) double-crystal
monochromator on the X-24A beam line at the National
Synchrotron Light Source. The sample was enclosed
in an ultrahigh vacuum chamber. The diffracted peak
intensity was monitored as photoemission current from a
voltage-biased wire mesh through which the x-ray beam
passed on its way to and from the crystal. The Al Ka
and Pd La fluorescent radiation from the quasicrystal
was observed with a SiLi detector.
Figures 1(a) and 2(a) show the rocking curves scanned
in energy of the
£
024024
⁄
and
£
046046
⁄
reflections
along a twofold axis of the quasicrystal. The energies
and momentum transfers are in the ratio t. For both
reflections, a large linear background was subtracted from
both the beam intensity and the fluorescence data before
plotting.
The estimated values of the complex susceptibilities
x for the quasicrystal reflections were obtained from
calculations of a finite atomic model described below.
These were used to calculate Darwin curves as a function
of energy for the reflectivity of the quasicrystal. The
curves were convoluted with the Darwin curves for
the Si(111) monochromator crystals, which broadened the
rocking curves in energy. The solid lines shown are fits
to the peaks for uB ­ 90– which required the additional
convolution of a Gaussian mosaic spread of the sample.
In the case of the
£
024024
⁄
reflection, the mosaic width
was 1.8 times the intrinsic width, and, for the
£
046046
⁄
reflection, a factor of 7.4 was required.
Figures 1(b), 2(b), and 2(c) show the intensity of
fluorescent radiation from spectral lines recorded during
FIG. 1. (a) Diffracted peak intensity from the reflection
obtained by scanning incident photon energy. The solid line is
a fit to the diffraction peak (see text). (b) Al Ka fluorescence
recorded during the scan. The lines are fits obtained for f and
p. Constrained variables are shown in bold. The “error bars”
represent one standard deviation in the fit.
the energy scans, exhibiting pronounced x-ray standing
wave effects. The characteristic minimum and maximum
in the fluorescence associated with the translation of the
standing wave across diffracting planes in a crystal unit
cell is visible here as well. In the case of the
£
024024
⁄
reflection, the energy at uB ­ 90– is below the Pd
L-edge, so only Al Ka fluorescent radiation is recorded.
Fluorescence from the Mn atoms was not observable in
our experiments owing to the low energy of the Mn
L-edge, the low energy of the La fluorescence emission
lines, and the relatively small percentage of Mn.
The fluorescence curves were fitted in a manner analo-
gous to the XSW from a periodic crystal. Wave fields
of the x rays were calculated by assuming a susceptibility
x using a two-beam approximation for a charge density
component with a periodicity d ­ 1yq. We measured
q024024 ­ 0.48679 Å21 and q046046 ­ 0.78842 Å21 from
the energies of the reflections.
In a crystal, the fluorescence yield from an atom at
a position $r relative to a Miller plane responsible for a
Bragg reflection [24] is given by
Y ­ CsEd h1 1 RsEd 1 2
p
RsEd f cosfwsEd 2 2ppgj ,
(1)
where p ­ $H ? $r , $H is the reciprocal lattice vector, and
RsEd is the reflectivity as a function of the scan energy.
The quantity wsEd is the phase of the standing wave, and
CsEd includes the effects of integrating the fluorescence
yield down to the varying extinction depth. The coherent
fraction f is the fraction of atoms of the species in the unit
cell at the site $r. In an aperiodic quasicrystal, the coherent
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FIG. 2. (a) Diffracted peak intensity from the reflection
obtained by scanning incident photon energy. The solid line is
a fit to the diffraction peak (see text). (b) Al Ka fluorescence
recorded during the scan. The lines are fits obtained for f
and p. Constrained variables are shown in bold. The “error
bars” represent one standard deviation in the fit. (c) Pd La
fluorescence recorded during the scan. The lines are fits for f
and p described as in (b).
fraction f indicates the fraction of atoms of each element
correlated with the periodicity d of the charge density.
The coherent position p indicates the centroid of that
correlated distribution in units of d relative to the origin
from which x is calculated. In our centrosymmetric
quasicrystal model, the origin of symmetry was chosen.
The value of f associated with each reflection in the
quasicrystal is a measure of the fraction of atoms of that
element contributing to the reflection. The Debye-Waller
factor at room temperature has a negligible effect on f in
this region of phase space.
In comparing the data with theory, we used a model
derived from a 6D projection [3]. It incorporated triacon-
tahedral and spherical atomic surfaces which gave good
agreement with Patterson functions determined from x-ray
and neutron diffraction intensities. The projected atomic
distribution was in the form of a cube 200 Å on a side.
Our projection was intentionally centrosymmetric.
Assuming $q k zˆ, the contribution of each atomic plane
in 3D was calculated according to
Y ­ CsEd
(
1 1 RsEd
1 2
p
RsEd
X
i
fi cosfwsEd 2 2ppig
)
, (2)
pi ­ $q ? $zi , where fi ­ snumber of atoms of an element
in plane i)y(total number of that species in the model).
This calculated standing wave fluorescence yield is the
equivalent to that of a single value of f and p. The fitting
procedure was tested by determining the value of f and
p from the model for each of the two reflections. The
value of p obtained by the fit to the model fluorescence
yield for each reflection was 0, as expected for explicit
centrosymmetry. The values of f obtained from the
model, when compared to f obtained from fits to the
data, are thus tests of the model over the periodic intervals
determined by each Bragg reflection.
In fitting the actual data, the same convolutions re-
quired to fit the monochromator width and mosaic broad-
ening of the rocking curve were then applied to the
XSW fits of the fluorescence curves. Test fits to syn-
thetic data broadened by monochromator and Gaussian
mosaic widths comparable to those required for our rock-
ing curves reliably recovered f and p to better than a few
percent for a wide variety of given values.
We fitted the fluorescence data in four different ways
to make the most effective comparison with our model.
These were (i) f and p free, (ii) f constrained to the
value predicted by the model, (iii) p constrained to 0 as
predicted by centrosymmetry in the model, and (iv) f
and p constrained as above simultaneously. The fitting
procedure in all cases included two additional parameters:
an overall normalization amplitude of the fluorescence
signal and a baseline offset. In all cases, the fluorescence
was integrated to the primary extinction depth. The “error
bars” reported correspond to variations of each variable
corresponding one standard deviation in the fit criterion.
The results of fitting the Al Ka fluorescence in the£
024024
⁄
reflection are shown in the plots in Fig. 1(b).
The free fit of f and p results in a very broad dependence
of the coherent fraction and a departure of the coherent
position from 0. Constraining f ­ 0.30 as predicted for
Al in the model made very little difference in the fit,
as long as the coherent position was free to be nonzero.
The best fits in which we constrained p ­ 0 were unable
to describe accurately the XSW observed irrespective of
whether f was constrained or not.
The results of fitting the Al Ka in the
£
046046
⁄
reflection is shown in Fig. 2(b). In the case of the Al
fluorescence, the fit in which f and p are free results
in a lower coherent fraction for the Al than predicted
by the model. Constraining f ­ 0.68, as predicted by
the model, resulted in an even larger departure from
centrosymmetry. It was possible to find a fit which was
constrained to centrosymmetry, p ­ 0, but this required
f ­ 0.29 which is less than half the value predicted
for the coherent fraction of Al in the model. Finally, a
2906
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combined constraint of f ­ 0.68 and p ­ 0 clearly gave
a fit to the data which is unrealistic.
Fits to the Pd La fluorescence are indicated in Fig. 2(c).
In both the unconstrained and constrained cases, the fits are
all remarkably similar, indicating that a centrosymmetry
of the Pd atoms in the quasicrystal is strongly consistent
with the data. The fits where the coherent fraction is
unconstrained result in values of f that appear to be
markedly lower than predicted by the model.
The distribution of Al participating in the
£
024024
⁄
reflection is seen to be displaced by between 0.13 ( f
free) and 0.18 ( f from model) of d024024 from the
center of the inversion symmetry. The difference in the
fluorescence simultaneously obtained from Al and Pd
could be understood as an offset of the Al distribution
participating in the
£
046046
⁄
reflection by between 0.10
( f from model) and 0.13 ( f free) of d046046 from the Pd
distribution, which appears to be, at most, only slightly
off inversion symmetry. In that case, the displacement
of the two elements can be interpreted only as a lack of
inversion symmetry for the quasicrystal along a twofold
symmetry axis. It is possible to obtain a reasonable fit in
the latter reflection when we constrain p ­ 0 for the Al.
However, this requires a coherent fraction of Al atoms for
this reflection which is considerably lower than predicted
by the model.
In conclusion, we have demonstrated the first ex-
ample of x-ray standing waves in diffraction from an ape-
riodic medium, an icosahedral AlPdMn quasicrystal. We
are able to observe the presence of long-range order on
an elemental basis, and have been able to compare the
observed distribution with a model obtained from projec-
tion of a 6D lattice. The coherent position observed for
Pd atoms is consistent with a centrosymmetric distribu-
tion of atoms in a model which describes accurately the
intensities of major diffraction peaks. However, the fluo-
rescence observed for Al atoms is inconsistent with inver-
sion symmetry along the twofold rotation axis, implying
deviations from centrosymmetry which have not been pre-
viously considered.
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